(Reçu le 2 mai 1983, révisé le 26 juillet, accepte le 2 septembre 1983 ) Résumé. 2014 Il est démontré que l'analogie entre l'énergie libre des phénomènes critiques et la fonction génératrice complexe rend possible l'utilisation de techniques bien connues du groupe de renormalisation dans l'espace direct, permettant ainsi de dériver facilement les propriétés d'échelle ainsi que la densité d'états exacte pour des problèmes électroniques ou de vibration sur des réseaux fractals. On discute aussi l'existence d'une famille de réseaux dont la dimension spectrale d peut être inférieure ou supérieure à la valeur 2.
Self-similar (or fractal [1] ) lattices have, for the past few years, been the subject of much attention in the Physics community. The structure of fractal lattices suggests that they may serve as simple models for disordered systems such as polymers or percolation clusters near threshold [2] . These lattices lack translational invariance but possess dilation symmetry, making the renormalization group an ideal tool to study their properties.
The phase transition properties of fractal lattices have thus been the first to attract attention [3, 4] . Gefen et al. [4] have emphasized that the universality class to which a given lattice belongs is determined not only by the topological dimensionality d and by the fractal dimensionality d, but also by the order of ramification and other properties of the lattice. The recognition by Berker and Ostlund [5] that approximate Migdal-Kadanoff recursion relations become exact for certain self-similar hierarchical lattices, certainly justifies even more investigations of fractal lattices. It should also be pointed out that, in general a large category of problems on fractal lattices may be exactly solved by decimation techniques [6] which can otherwise be implemented exactly only in one dimension.
Recently, four groups [7] [8] [9] [10] [11] [12] have studied the « spectral properties » of such lattices, e.g., the density of states (DOS) of a tight-binding electronic problem or of a vibration problem, or the problem of a random walk on such lattices. (It has also been pointed out recently [13] that the local density of states on certain sites of a hierarchical lattice may serve as a model for disordered one-dimensional systems). Alexander and Orbach [7] and especially Rammal and Toulouse [9] have emphasized that for fractal lattices, one should distinguish the fractal dimension d, that of the embedding Euclidean space d and the spectral dimension d (to be defined below). Most of the analysis of these two groups is based on a scaling hypothesis. Rammal and Toulouse [8] , Domany et al. [10] and Rammal [11, 12] have performed actual computations of the DOS for various cases. They found that the DOS has a complicated structure and that scaling in this case implies self-similarity but not power law behaviour. Although elegant, the actual technique used by all these groups, except Rammal [11, 12] [13, 15, 16] witb is the generating function for this problem. Note that the small positive number" ensures conver-gence of the integrals. We need the following identity for the function p(E, yy). Let Ea be an eigenvalue, then [15] , which may easily be proven by performing an orthonormal transformation in equation 2 to a basis where H is diagonal. In the limit 11 -+ 0, the function p(E, 11) becomes the true density of states. With 11 finite but small, we can still call p(E, 11) the DOS : the value of 11 then determines the precision with which each eigenvalue can be obtained from that DOS.
To compute and hence the DOS-of a general lattice or of a fractal lattice in particular, one proceeds as follows. Let 2 symbolically represent all the indices which label the sites on the smallest length scale, and let 1 stand for the other sites. Following the renormalization group prescription, one integrates over all sites 2 contained in the generating function and then one defines a new generating function with renormalized parameters such that it is equal to the old generating function. One then finds that within an energy independent term which does not contribute to the DOS in equation 3 , ,~ becomes, where the integral is now over only the uneliminated sites and where
As an example, let us consider first the Sierpinsky gasket illustrated in figure 1 . As found in references 9 and 10, one finds that the decimation procedure described above does not lead to longer range hopping and hence may easily be implemented. One obtains here three complex, non-singular recursion relations. One for E + i ri -s, one for V and one for the u independent term (so called « constant term ~) NC' in equations 5 [10] . As is clear from figure 3 and as pointed out before [19, 9, 10] , one has scale similarity but not power law behaviour here, because the scaling b cannot be taken as arbitrary. Because the map in equation 8 may also have limit cycles, one can also get scaling behaviour around points which belong to those limit cycles [10] . Finally, it is interesting to note that the sharp structure in the DOS is in some sense only a reflection of the singular nature of the generating function (2) when it is continued on the real axis (i.e. 17 = 0). There, the problem becomes a pure statistical mechanics problem analogous to the one analysed in detail by Derrida et al. [19] . Note that, as pointed out by others [9, 10] , when the recursion relations are derived for the variable w(l) = (4 + l/x(l))/5 then equation 9 becomes with ~, = 5. The properties of this map in the complex plane have been studied by Mandelbrot [20] .
The spectrum for the generalization of the Sierpinsky gasket in Euclidean d = 3 is shown in figure 4 . It is relatively easy to obtain using the technique just described. The scaling is consistent with previous results [9] [10] [11] [12] [9] have argued that the beta function for the conductance should change sign at 3 = 2, indicating a change in the localization behaviour of eigenstates. They thus suggested that a study of a class of fractal lattices whose spectral dimension can vary from 3 2 to d &#x3E; 2 might shed some light on the problem of localization. Unfortunately, as they also noted, Sierpinsky gaskets and their generalization to higher dimension always have ~ 2. We now discuss a class of lattices which in one limit have J &#x3E; 2 and in another can have continuously varying d.
Consider the vibrational problem on the self-similar structure whose construction is illustrated in figure 5 . It was shown earlier [13] that the exact local DOS on the central site of such a lattice is the same as the one which was derived by Gonçalves da Silva and Koiller [21] from an approximate decimation scheme for the disordered binary harmonic chain [22] . We further introduce the figure 7 and is very different from that of the chain. It has the same scaling behaviour as the electronic tight-binding model described in reference 10. In the latter model however, only the hopping matrix element was inhomogeneous [23] . figure 5 and m = 6 in figure 6 . Note that to improve the analogy with genuine fractal lattices such as the Sierpinsky gasket, we consider only lattices with a very large number of sites because it is only in that limit that the number of sites scales by a factor of m at each iteration like the number of bonds.
Normally, one defines z and the fractal dimension d by the relations ~, = 6z and m = bd. The length rescaling factor b here may seem a bit ambiguous because the lattice is so inhomogeneous [24] . This 
